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Transient and Steady Heat Transfer in a Conducting
and Radiating Medium
YAN-PO CHANG* AND CHE-SHING KANGJ

State University of New York at Buffalo, Buffalo, N.Y.

The transient and steady heat transfer in a conducting, emitting, and absorbing medium
is analyzed according to the differential formulation. The differential equations are first
transformed into integral equations and then solved by successive approximations. Great
insight into the effect of absorption and emission on the temperature distribution is afforded
by the calculation of radiation potential. The steady problem is briefly examined and dis-
cussed together with the transient problem. For small times emission is found negligibly
small in comparison with absorption, whereas for large times it is important only in a thin
layer near the hotter surface.
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Nomenclature
specific heat
Green's function
3es/[2(2 - €s)]
intensity of radiation
thermal conductivity
thickness of medium
K.L, optical thickness of medium

inward drawn normal to surface
heat flux
q*/(cr2V)
31/2

temperature
reference temperature
T*/T*
time
WT*«$*/(pe)
Cartesian coordinate
KX*
emissivity
Stefan-Boltzmann's constant

p = density of medium
K = absorption coefficient
x = -3NT - «
Subscripts
b = black
c = conduction
r = radiation
s = surface
Q,l = surfaces at x — 0}l
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Superscripts
* = dimensional quantity
— = average, or Laplace transform

Introduction

THE problem of heat transfer in a conducting, absorbing,
and emitting medium has been of considerable interest

in recent years. Viskanta and Grosh1 studied the steady-
state heat transfer in a plane gray medium bounded by black
surfaces according to the rigorously formulated integro-
differential equation. Lick2 investigated the steady problem
through the use of kernel approximation and considered three
particular cases with emphasis on the approximate calcula-
tion of rate of heat transfer. Subsequent to Lick's work a
number of related papers have appeared in the literature;
for instance, Greif3 and Wang and Tien.4 Einstein5 attacked
the problem by using zonal exchange factors. Howell6 em-
ployed the exchange factor approximation to investigate this
type of problem.

For the transient state, there have been only a few investi-
gations. Lick7 considered the linearized problem of transient
energy transfer in a semi-infinite medium bounded by a non-
emitting and nonreflecting surface. Nemchinov8 also studied
the linearized problem but was interested only in the propa-
gation of thermal waves. Viskanta and Lall9 attempted at
first to solve the problem of transient heat transfer in a
spherical medium from the integro-differential equation, but
later diverted to approximate calculations.

This paper concerns mainly the transient heat transfer
by combined conduction and radiation in a plane layer.
The formulation of fundamental equations is based on the
differential approximation reported by Traugott,10 Cohen,11

Cheng,12 and Chang.13 The boundary conditions of the
radiative transfer are formulated in a manner much simpler
than those reported in Refs. 12 and 13, as shown in the Ap-
pendix of this paper. The method of solution is based on
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that suggested by Ghang.14 The steady problem is briefly
examined and only some calculated results of radiation po-
tential and temperature are presented to facilitate the dis-
cussion on those in transient state and to verify the ac-
curacy of the present analysis.

Statement of the Problem

The following simplifying assumptions are made in the
formulation for the energy transfer by radiation: 1) radi-
ation is locally in thermodynamic equilibrium and scattering
is negligible, 2) the medium is gray and has a refractive index
of unity, 3) the surfaces are gray, and emit and reflect radi-
ation diffusely, and 4) the radiation field is quasi-steady at
any instant of time. Under these assumptions, the basic
equations are presented in the Appendix.

The problem to be considered is illustrated in Fig. 1: a
conducting, absorbing, and emitting medium is bounded by
two infinite parallel plane surfaces. The medium is initially
at absolute zero temperature. The surfaces are suddenly
brought to and kept at constant and uniform temperatures.
For simplicity, we assume that the physical and thermal
properties of the medium are constant and that the radiation
properties of the two surfaces are the same.

Formal Solutions

For transient state, the governing equations of the radiation
intensity are given by Eqs. (A2) and (A5) in the Appendix.
Expressing in terms of the dimensionless quantities as defined
in the Nomenclature and specializing to the present problem,
we obtain

- n4) at x =- 0

> - TV) at x = I
(2)

The dimensionless energy equation is obtained from (A7)
and (A2) by specializing to the present problem,

= 0 - T4 (3)
with boundary and initial conditions

!T(<M) = T0, T(l,t) = Ti, T(xfl) = 0 (4)
We wish to solve (1) for 4>(x,t) and (3) for T(x,t) by the

method of successive approximations. For this purpose it is
convenient to transform them into integral equations by
considering the right-hand sides of (1) and (3) as known func-
tions of x and t such that the method of Green's functions
can be applied. If G^(x\xr) is the Green's function associated
with 0, the formal solution for </> satisfying (1) and (2) is then
given by

In (5) the function 4>i(x) is the homogeneous solution of (1)
satisfying (2),

<t>i (x) = A sinh/fo + B coshj&c (6)

A = (h/P)(B - TV)

= (/32 + h2) sinhjftZ + 2hp cosh/3^

where ft is 31/2 for brevity. The Green's function G^(x\x') can
be found by writing

Evaluating Ci(x') and C<t(x') by the boundary conditions

dG^/dx = hG<f, at x = 0 and dG^/dx = —hG<f> at x = I
we obtain

(0 coshjfo' + h sinhftc') [0 cosh/3 (I -x) + h sinh/3( l-x)]
(7)

for x > x'. For x < x' we simply interchange x and x' in (7).
The formal solution of (3) for T(x,t) can be obtained in the

same way. If GT(x,t\x',t) is the Green's function associated
with T(x}t), we obtain

T(x,t) = Te(x,t) +

/o/o
In (8), Tc(x,t) is the homogeneous solution of (3) satisfying
(4), i.e., the solution for pure conduction,15

T0(x,t)
2 » cosrETT -

- sm —— exp
V

/ NnVt\
\~~l~)

which is suitable for large values of Nt, or

- — erfc —
oo r~

Te(x,t) = To E erfc
n = 0 L

(2n + 1)1 - x
erfc ———————— — erfc

2(AT01/2

2(Nt)U*
(2n + 1)1 + x"

(9)

+

( }

which is suitable for small values of Nt. The Green's func-
tion, GT(x,t\x',tr), can be found by eigenfunction expansion16

or Laplace transformation.15 The Laplace transform of
GT(x,t\x',tf) can be readily written down from (7) by setting
h — > oo and ft = p1/2 as

GT(x,p\x')
— x)

(10)

for x <x'. For x > x', we interchange x and x' in (10). By
the inversion theorem we obtain

, , , „ 2 » mrx mrx' \~-NnV(t - Z')l
GT(XJ\X ,t) = - 2-f s m—— sm ——— exP —————2—————

I n-\ I I L ^2 J

(ii)
which has been given in Ref. 15. This series converges
rapidly for large values of Nt. For small values of Nt, an
alternative form can be found by the method of images, or
by inverting (10) through the use of Laplace transform
tables, as

GT(x,t\x',t') =

2[irN(t - O11/2 n^co (6XP L

exp -

(2nZ + x' -!' - X)*~] _

-t') J"

4N(t - tf) ' (12)

Thus, Eq. (3) including the boundary conditions (4) is trans-
formed into the integral Eq. (8).

Once <t>(x,t) and T(x,t) are obtained, the total heat flux
can be calculated from the equation

q(x,t) = - (13)
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In steady state, the radiation potential remains in the same
form as (5), but now it is a function of x only,

= 0i (x) (14)

where <h(x) and G^(x\x') are given by (6) and (7). The
temperature field can be obtained from (8) by setting t -> °°
and performing the integration with respect to £',

T(x) = T0- (To ~

where

G'r(4O = a(Z - x')/l for z < z'

= z'(Z - x)/lioTx>x'

' (15)

(16)

Equations (14) and (15) were solved numerically in Ref. 14
through the use of the total potential, defined by % = — (3 AT
+ *)•

For the steady, one-dimensional problem, however, it is
convenient to use the energy equation in the form,

d*T/dx* = -(l/3N)d*<l>/dx*
Integrating (17) twice gives

(17)

= r0 - (r, - y - -L •*(*)] 7 +
J_
3N (18)

For very small values of N, the iteration on T from (18)
may converge very slowly. In this case we may apply
integration by parts to the integral in (14) to remove the
factor l/N in the right-hand side of (18)

2^4 = To4 cosh/3z + 3N(T0 - T) - 3N(TQ - Ti) j -

<h(x) + 0(0) - [0(0) - 0(0] y + J0* cosh/3(z - x') X

-—r d#' — (3 + h*) sin

cosh/3(Z - x')

X

(19)

This equation can be conveniently solved by iterating on
T4. This technique can also be applied to the transient case.

Once the radiation potential is known, the heat flux can be
calculated by the equation,

* ^ 3 ete Z v u " ' 2
(20)

Equation (1) together with (8) for transient state and
(15) for steady state are especially useful in discussing the
relative importance of absorption and emission, and the
general character of profiles of the temperature and the radi-
ation potential. If 0 —>• T4, 0 tends to be a linear function
of x, and T tends to be equal to Te (unless I -* co also).
Whenever emission is greater than absorption, the quantity
(0 — T4) produces a source effect in (1) for the radiation
potential and a sink effect in (8) for the temperature. The
reverse is true when absorption is greater than emission.
Because of radiation slip at surfaces, the possibility that T4 >
0 should occur near the hotter surface and that T4 < 0 near
the colder surface. Thus, in general, curves of 0 vs x should
appear somewhat in the shape of reverse S, and T(x,t) can

be lower than Te(xf) only in the hotter region of the medium.
For t -> oo , Tc(x, oo ) becomes a straight line and hence
T(x, oo ) should appear in general in an S-shape.

Numerical Solution and Results

Equations (5) and (8) for the transient state and (14) and
(18) for the steady case were solved numerically by the
method of successive approximations on a CDC-6400 com-
puter for TO = 1 and various values of Ar, I, h (or e), and Ti.
The spline-fit approximation17 was used for integration and
interpolation. The advantage of this method is that mesh
size can be changed whenever it is necessary. For instance,
the integration along the space coordinate in the transient
case needs smaller mesh size near the source points (x « x')
for small values of t. The explicit part on the right-hand
side of (8) was taken as the first approximation of T(x,t), i.e.,

Te(x,t) 'dt' (21)

Ten divisions on the time coordinate and twelve on the space
coordinate were found as the minimum mesh sizes to yield
satisfactory results. Each iteration required about 30 sec.
For early times, two iterations were sufficient, but 6 iterations
were required for N = 0.1, t = 3 and 15 for N = 0.03, t = 4.
For N < 0.01, the convergence is rather slow. However,
when the results for N = 0.03 were used as the first approxi-
mation to calculate T for N = 0.01, four or five iterations
were sufficient. The iteration was terminated after n steps
when \T<*>(xf) - T<*-»(x,t)\ < 0.5% of T^^(xtt).

To save the core storage of the machine the solution of (8)
for T(Xjt) was performed by dividing t into several steps.
First, T(x,t) was calculated up to a small value of t, say h.
T(x.t) was then found for t\ < t < k by using T(x,ti) as the
initial temperature,

/o Jo ~ T*(x',t')]GT(x,t\x',t')dx'dt' +

T(x^GT(xtt\x'fS)dxf (22)

Similarly, T(xf) was calculated between tn < t < tn+i. Calcu-
lated results by this procedure checked well with those ob-
tained directly from (8).

The steady-state numerical solutions for <f>(x) and T(x) were
much simpler. The explicit part on the right-hand side of
(18) was taken as the first approximation. The iteration
was stopped at \T^(x) - T^~l^(x)\ < 0.1% of T^^(x).
The time of each iteration was less than 0.14 sec. To calcu-
late T f or N < 0.01 (19) was used and the temperature for
N = 0.01 was taken as the first approximation.

Some of the calculated results of the radiation potential
are shown in Fig. 2, those of the temperature in Figs. 3, 4, and
5, and those of the heat flux in transient state in Fig. 6.
Calculated heat flux for steady state was found in excellent
agreement with those reported in Refs. 1 and 4. This is
well known and is therefore not presented. Some results
obtained from the integro-differential equation by Viskanta
and Grosh1 are reproduced in Fig. 5. It is seen that they
are in good agreement with those obtained from (18).

Discussions and Concluding Remarks

The calculated curves of radiation potential and tempera-
ture, as shown in Figs. 2-5, do exhibit the general appearances
as pointed out earlier. This character is more pronounced
for surfaces with low emissivity and large t. As t becomes
smaller and smaller, curves of radiation potential tend to
become from an inverse S-shape to nearly simple curve
concave upward, indicating that more radiant energy is
absorbed than emitted everywhere in the medium. Conse-
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Fig. 2 Distribution of radiation po-
tentials in transient and steady states,

To = 1, T-C = 0.1, I = 1.0.

O.I

quently, for small t the temperature is everywhere higher
than that of pure conduction, as shown in Figs. 3 and 4.
Figure 2 shows that the gradient of radiation potential at x =
0 is always larger than that at x = I. Thus, the radiant
energy is stored in the medium all the time. Figure 6 shows
that radiation reduces the heat flow by conduction into the
medium at earlier times but increases the conduction as the
steady state is approached. The transient effect on the
radiant heat flux at x = 0, i.e., Aqr = <?r(0,0 — gr(0,oo) is
significant only for small values of t and decreases rapidly as
t increases. Therefore, for t > 1 and e > 0.5, the total heat
flux may be estimated by the simple equation

0(0,0 = gc(0,0pure cond. + ?r(0, CO ) (23)

Since the shapes of <£ curves, as shown in Fig. 2, are in-
sensitive to the variation of N and t for given values of the

0 O.I 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

other parameters, there is great latitude in calculating the
approximate heat flux at x = 0. For t -* oo? the super-
position of pure conduction and pure radiation is known to
yield good results for black surfaces.18 For t < oo we can
calculate g(0,£i) with little error by using [&Te(x,ti)/dx]x^
and [b^Oc^V&claM) for given values of the other parameters,
provided that values of t\ and fa are in the ranges: 0-0.1,
0.1-1, and l-oo. Similarly, q(Q,ti,Ni) can also be calculated
with good approximation by

U (24)

where Ni and N2 are in the ranges: 0-0.01, 0.01-0.1, and
O.l-oo.

However, good approximate calculation of the temperature
was found possible only for small values of t. As noted

0 O.I 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Fig. 3 Temperature distribution in transient state, JY
0.1, h = 1.5, I = 1.0.

Fig. 4 Temperature distribution in transient state, TV
0.03, h = 1.5, I = 1.0.
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Fig. 5 Temperature distribution in steady state, TO = 1.0,
Tz = 0.1, I = 1.0.

earlier, two iterations were sufficient for small t by using
(21) as the first approximation. This indicates that, for
small t, emission is indeed very small in comparison with
absorption. For t < 0.2 and N = 0.03, or for t < 0.4 and
N = 0.1, the error between T(x,t) and T(l\x,t) is less than
0.5% except near the surface where the error is still less than
1.0%. Thus, (21) is a good approximate solution valid for
very small values of t. Obviously, if we substitute (6) and
(12) into (21), an explicit expression of T(x,t) can be obtained.

The temperature curves for t = 1.0 in Fig. 3 and for t =
1.5 in Fig. 4 appear in a somewhat wavy shape. This phe-
nomenon occurs also in cylindrical medium.19 Since this
paper was submitted for publication, more calculations have
been done for large values of I and various values of Ti. We
have found that the larger the value of I, the more pro-
nounced is the wavy shape and the larger is the value of t in
which it occurs. For instance, it can be distinctly observed
for I = 2, Ti = 0, and N = 0.03 at t = 2.0. When the cold
surface is removed and I —*• <» , this phenomenon does not
take place until t > 1000 for N = 0.01. This is qualitatively
in agreement with what Lick7 described as thermal waves.

Appendix

Under the assumptions stated earlier, the governing equa-
tions of radiation flux and average intensity, expressed in
physical coordinates, were given in Refs. 10-13,

qr* = _(47r/3/c)VJ*

V-[(l//c)VJ*] - 3/c7* = -

(Al)

(A2)

To formulate the boundary conditions on I*, we follow
Eddington by writing the average intensity in terms of two
parts, one in the forward direction (denoted by a subscript
+) and the other in backward direction (denoted by a sub-
script — ) along the normal to the surface, so that

I* = (7*+ + I*_)/2 (A3)
An energy balance on the surface gives

gr*(s) = jrl*+(s) - 7rJ*_(s) = es7r/6s* - es7r/*_ (A4)

Applying (Al) to the surface and eliminating gr*(s), /*+(s),
and 7*_(s) by (A3) and (A4) , we obtain the boundary condi-

——— N = 0 . 0 3

——— N = 0.l

q (x . t ) = qe ( x , t ) + qr ( x , t )

Aq r =q r 10,t)- qr (O.oo)

Aq c = q c (0 , t ) p u R E C O N O -q c (O f t )

Fig. 6 Heat fluxes at surfaces in transient state, To = 1.0,
Ti = 0.1, h = 1.5, I = 1.0.

tion on I* as
. = h.K[l*(s) - /**

3es,h. =

(A5)

(A6)2(2 - es)
where n is the inward-drawn normal to the surface. The
energy equation for combined radiation and conduction
can then be written as

(A7)
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Measurement of O2
+ -f- e~ Dissociative Recombination in

Expanding Oxygen Flows
MICHAEL G. DUNN* AND JOHN A.

Cornell Aeronautical Laboratory Inc., Buffalo, New York

The dissociative-recombination rate coefficient for the reaction O2+ + e~
kr

has been measured in the invisid nozzle flow of a short-duration reflected-shock tunnel and
found to be given by kr — (8 ± 2) X 1021 Te~1-5 cm3/mole sec for an electron temperature
range of approximately 1800°K to 5000°K. These experiments were performed in oxygen at
equilibrium reservoir conditions of 4950°K and 25 atm pressure. Thin-wire Langmuir probes
were used to measure the electron temperature and electron density on the nozzle center-
line. The electron densities were simultaneously measured using microwave interferometers.

1. Introduction

PREVIOUS papers1'2 by the authors have presented rate-
coefficient data for the dissociative recombination (kr)

of N0+ and N2
+. The purpose of this paper is to present

rate-coefficient data, obtained in the same manner, for the re-
action

0

It is typical of this class of reactions that the ionization and
recombination rate coefficients are related to the local plasma
conditions through the temperature, the ionization rate being
dependent upon the heavy-particle translational temperature
while the recombination rate depends mainly on the electron
temperature. Both of these temperatures must be known in
experiments to evaluate the recombination-rate coefficient.

Experimental data for the two-body dissociative recombina-
tion of 02

+ for electron temperatures greater than 450° K are
scarce, with only two points reported.3'4 However T many
data points have been reported at 300° K or slightly greater
temperatures. Discharge tube measurements, the only ones
available, of the dissociative recombination of O2

+ have been
complicated as a result of the reported5 presence of 03

+ in
nontrivial quantities. Sayers3 and Sayers and Kerr4 provide
the only reports of high-temperature experiments, reporting
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values at approximately 2000° K and 2600° K. They studied
the electron-density decay in the afterglow of a discharge. A
radio-frequency mass spectrograph was used to identify the
ions present in the plasma and to confirm the absence of neg-
ative ions.

Anisimov, Vinogradov, and Golant6 measured the dissocia-
tive recombination of 62+ by studying the electron-density
decay, using a microwave cavity resonator, in the afterglow of
a discharge tube. A pulsed electrode discharge was used to
create the plasma in a long chamber, along the axis of which
they placed a strong magnetic field in an attempt to limit the
effects of diffusion.

Biondi, Connor, and Weller7 and Kasner and Biondi8 studied
the afterglow of an arc discharge and obtained data points at
300° K that were in reasonably good agreement with the other
300° K data.

Holt9 investigated the dissociative recombination of 02+

in the afterglow decay of a plasma created by an arc discharge.
He worked in the pressure range 0.3 to 10 mm Hg and detected
electron densities in the range 108 to 1011 e~/cm3- The elec-
tron losses due to recombination, diffusion, and attachment
for 300° K electrons were separated according to the respec-
tive loss laws. The experimental value of the reaction rate
constant was in good agreement with others available for
300°K.

In the present experiments, both the electron temperature
and the electron density were measured in the expanding oxy-
gen plasma. Then the recombination rate coefficient for the
dominant reaction was adjusted until the calculated number
density agreed with the probe and microwave-interferometer
data. The measured electron-temperature history was used
in calculating the variation of the number density along the
nozzle. The relative importance of various reactions included
in the reaction model was independently assessed. In Sec.
2 the experimental apparatus and procedure are briefly dis-


